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Abstract 

We study some geometrical aspects of two dimensional orientable surfaces arrising 
from the study of CP N sigma models. To this aim we employ an identification of 
K.iV(Ar+2) with the Lie algebra 5u(A^ + 1) by means of which we construct a generalized 
Weierstrass formula for immersion of such surfaces. The structural elements of the 
surface like its moving frame, the Gauss- Weingarten and the Gauss-Codazzi-Ricci 
equations are expressed in terms of the solution of the CP N model defining it. Further, 
the first and second fundamental forms, the Gaussian curvature, the mean curvature 
vector, the Willmore functional and the topological charge of surfaces are expressed in 
terms of this solution. We present detailed implementation of these results for surfaces 
immersed in su(2) and su(3) Lie algebras. 



1 Introduction 

In this paper we develop further the study of immersions of two-dimensional surfaces 
in multidimensional Euclidean or Minkowski spaces by means of CP N models, which 
was carried out in a series of papers |221 1151 1211 119j . The key point is the formulation 
of the equations defining the immersion directly in the matrix form (cf. equation 14.1 J) 
where the immersion takes values in the Lie algebra su(N + 1), identified by means of 
the negative of the Killing form with the Euclidean space M Ar ( Ar+2 ). This allows us to 
formulate explicitly the structural equations for the immersion (the Gauss- Weingarten and 
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the Gauss-Codazzi-Ricci equations) directly in matrix terms. In particular in Proposition 
01 we establish an explicit form of the Gauss- Weingarten equations satisfied by the moving 
frame on a surface corresponding to the CP N model. This is done in a fashion independent 
of any specific parametrization. Then we use this result to establish various geometric 
characteristics of the studied immersions like curvatures and curvature vectors. All these 
quantities are directly derived from the map describing the relevant CP N model. For the 
simplest case N = 1 the equation (|4.1|) defining the immersion takes the form 

dX = i{dX x a 2 + dX 2 a x + dX 3 a 3 ), (1.1) 

where ci, 02,03 are the usual Pauli matrices, and the differentials of coordinate functions 
of the immersion dX\ , dX 2 , dX 3 are given in terms of the affine coordinate W of CP 1 
model by equation (|5.3j) . As follows from the equation (|5.1|) describing the CP 1 model, a 
particular class of solutions of this model is given by an arbitrary holomorphic function 
W — in this case the immersion is minimal (i.e. represents a surface with zero mean 
curvature) and W expresses the Gauss map of the surface by means of the stereographic 
projection. This is directly related to the classical Weierstrass-Enneper formulae for an 
immersion of a minimal surface in M 3 . In fact, almost one and half century ago Weierstrass 
and Enneper showed |44| ll()j that every minimal surface in R 3 can be represented locally 
in terms of two holomorphic functions tp and (j) defined on a domain B G C by the following 
expressions 

X(£, £) = Re (Jty* - 2 )d£', i j\^ 2 + </> 2 )d£' ', -2 J ^dA • (1.2) 

This implies that the complex tangent vector of the immersion is given by 

dX l =^ 2 -tf, dX 2 = i(ip 2 + <j) 2 ), dX 3 = -2^<p, (1.3) 

where d denotes the (complex) derivative with respect to £. Moreover, the metric of the 
minimal surface is conformal and is expressed in terms of local parameters £ and £ by the 
formula 

ds 2 = 2M 2 + M 2 ) 2 d£d£. (1.4) 

This implies, in particular, that the coordinate lines £ = const and £ = const describe 
geodesies on this surface. 

The ideas of Enneper and Weierstrass have since been developed by many authors with 
a purpose of extending them to construct immersions of more general types of surfaces. For 
a classical presentation we refer to a treatise by EisenhardtjHj and for a modern approach 
to the subject see e.g. HJ El EH IHH HUH OH EH! and references therein, in particular 
the recent books by F. Helein |231 124j and K. Kenmotsu |27j . This topic has been further 
explored by, among others, B. Konopelchenko [3111 • He established a direct connection 
between generic surfaces and trajectories of an infinite-dimensional Hamiltonian system. 
Namely, he considered a nonlinear Dirac type system of equations for two complex- valued 
functions ipi and i\) 2 of £, £ 

d^h = (hkf + hH 2 )^, dfh = -{\^\? + \H 2 )^ (i-s) 
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He showed (35 that f° r any solutions tpi , ip2 of the system (jl.5j) and an arbitrary curve 7 
in the complex plane, the following integrals over the bilinear combinations of tpi, i = 1,2 

Xi = I - Vl)d£' + ($ - ^2 2 )df, 

X 2 = / + VlR' - + ^ 2 )df', (1.6) 

X 3 = - J ViV> 2 d£ + V^i^df , 

determine the coordinates of the radius vector X = (Xx, X2, X3) describing a constant 
mean curvature (CMC) surface immersed in M 3 (the integrals are independent of the 
integration path, since the integrands are exact differentials). To see how to reduce more 
general cases down to this case see e.g. Ref |281 13 1| . In accordance with 0] we will refer 
to equations Q1.5|) and (|1.6|) as the generalized Weierstrass formulae. 

It was shown in our previous work [2^ that the generalized Weierstrass formulae for 
two-dimensional surfaces with non-vanishing mean curvature in multi-dimensional spaces 
are equivalent to CP N sigma models. This determination has opened a new way for con- 
structing and studying two-dimensional surfaces. The further advantage of use of the CP N 
models in this context lies in the fact that they allow us to replace the methods based 
on Dirac-type equations by the formalism connected with completely integrable systems, 
for example Lax pairs, Hamiltonian structures, or systems defining infinite number of 
conserved quantities. An original procedure for constructing the general classical solu- 
tions admitting finite action of the Euclidean two-dimensional CP N model was devised 
by A.M. Din et al jHj. These solutions are obtained by repeated applications of a certain 
transformation to the basic solution expressed in terms of holomorphic functions. As a 
result, one gets three classes of solutions: holomorphic, anti-holomorphic and the "mixed" 
ones. In this paper we show that to each of these solutions we can associate a surface 
in su(N + 1) ~ ]R Ar ( Ar + 2 ). In the holomorphic (or antiholomorphic) case we are able to 
integrate completely the equations of the immersion. It turns out that in the CP 1 case 
the surface is a part of an Euclidean sphere, cf. Section [5J However for arbitrary N > 1 
other situations are possible. In Example 1 in Section Owe present a one-parameter fam- 
ily of surfaces for which the curvature is not constant but for some specific values of this 
parameter it reduces to a constant. 

The second and third examples in Section [7| are concerned with mixed solutions of the 
CP 2 model. In one case we obtain a surface in M 8 , which happens to be immersible in R 3 , 
but the immersion does not come from a CP 1 model, since the curvature is not constant. 
The other mixed solution leads to a generic surface in M. s with nonconstant curvatures. 
All these results raise interesting questions which require further investigations concerning 
general properties of immersions given by the CP N models - either holomorphic or mixed. 

Finally, let us note that the outlined approach to the study of surfaces in M m lends 
itself to numerous potential applications. It is useful for description of monodromy of 
solutions of higher order Painleve equations and their connection with theory of surfaces. 
It can also lead to the development of numerical computing tools in the study of surfaces 
through the techniques of completely integrable systems. 

Surfaces immersed in Lie groups, Lie algebras and homogeneous spaces appear in many 
areas of physics, chemistry and biology |39j l33| 02 El EH 132] , The algebraic 
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approach to structural equations of these surfaces has often proved to be very difficult 
from the computational point of view. A natural geometric approach to derivation and 
classification of such equations which we propose here seems therefore to be of importance 
for applications in physics and other sciences. 

This paper is organized as follows. In Section [2] we introduce basic material on CP N 
models — in presenting it we focus on the use of a compatibility condition, rather then 
on the usual approach via the Euler-Lagrange equations. The next section is devoted 
to the presentation of required notions and facts on the structure of complex projective 
spaces. Here we prove in detail a certain decomposition of the group SU(iV + 1), which 
was previously noted in the paper [101 °f R- owe et al. In Section |31 we show how to 
use the equations of the CP N model to construct an immersion of a surface in the Lie 
algebra su(iV + 1). The obtained formula extends the classical Weierstrass formula for the 
conformal immersion of a 2-dimensional surface into the 3-dimensional Euclidean space. 
We derive the equations of the moving frame for the above immersion in su(N + 1) and 
derive some geometrical characteristics of these surfaces. This analysis is developed further 
in Sections El and El where, using the conformality of the surfaces obtained from the CP N 
models for N = 1, 2, we establish an explict formula for the moving frame in terms of 
the data of the model. Let us note that the case N = 2 produces surfaces immersed in 
R 8 ~ su(3). In Section [7| we illustrate our theoretical considerations with some examples 
based on explicit solutions of the CP 2 sigma model. The last section contains remarks 
and sugestions regarding possible further developments. 



2 Preliminaries on CP models |47j 

From a large supply of geometrical models of immersions |17l I18| we concentrate in this 
paper on a particular class of models, the so called CP N sigma models. The CP N sigma 
model can be defined in terms of functions 

C D ft 3 ( = + i£ 2 ^ z = (z , z u ...,z N )eC N+1 (2.1) 

defined on an simply connected domain (i.e. an open connected subset) of the com- 
plex plane and satisfying the constraint z'-z = 1. Here and below we employ the 
standard notation where points of the complex coordinate space 

c n+i 

are denoted by 

z = (zq, Zi, . . . , zn) and the standard hermitian inner product in C N+1 , respectively the 
norm, by 



N 

(z, to) = 'y^ZjWj, resp. \z\ = (z^ ■ z) 1 ^ 2 . (2.2) 

j=0 



The unit sphere in C^ +1 corresponding to this norm is given by 

S 2N+1 = {ze C N+1 \z j -z = \z\ 2 = 1}. 

We shall use = d/d^, fj,= 1, 2 to denote ordinary derivatives and for the covariant 
derivatives defined according to the formula 

D„z = d^z - z(z^ • d„z). (2.3) 
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With this notation the Lagrangian density for such a model is given by (cf. e.g. |47| ) 

C = \(D^-(D,z), (2.4) 
and the solutions of the CP N model are stationary points of the action functional 



1 



S = I £ d£d£ = - I (£> M z)t . (p^z) d£d£. (2.5) 
Jn 4 Jn 

The physically relevant case concerns fields which can be extended to the whole Riemann 
sphere S 2 = C U {oo}, but the case of an arbitrary Q is also of some interest, especially 
for questions of (local) differential geometry. 

Next we note that since C is not changed by the transformations z t— > e lip z with <p £ R, 
it is actually defined by the map [z] : Q — » CP N , where [z] = {e lip z \ ip S M} is the element 
of the projective space CP N corresponding to z £ S 2N+1 . We find it often more convenient 
to use this latter point of view and describe the model in terms of "unnormalized" fields 
£ h+ / = (/o, /i, . . . , f N ) e C N+1 \ {0} related to the Vs" above by 

z = -L, where |/| = (/+ - /) 1/2 . (2.6) 

We shall refer to the 'Vs" above as inhomogeneous and to the "/'s" as homogeneous 
coordinates of the model. 

Now, using the customary notation for holomorphic and antiholomorphic derivatives 

and introducing the orthogonal projector on the orthogonal complement to the complex 
line in C^ +1 determined by / given by 

P = lN+i-j^— f f®f ] (2.8) 

we may express the action functional (|2.5j) in terms of /'s by 

S = \ J j^jidpPdf + a/tp8/)d£d£ (2.9) 

Since P is an orthogonal projector, it satisfies 

P 2 _ p p t = p (2.10) 

The map [z] is determined by a solution of the Euler-Lagrange equations which is asso- 
ciated with the action (|2.9jl . In terms of homogeneous coordinates /'s the equations take 
the form 



P 



ddf--^—((f^~df)df + [f ■<)/)<> f 



0. (2.11) 



Using the projector P we can rewrite (|2.11|) as 

[ddP,P] = 0, (2.12) 
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or equivalently as the conservation law 

3 [BP, P]+B [dP, P] = 0. 
Further, introducing the (N + 1) by (N + 1) matrix 

k = [Bp,p] = B "*' , -*°W + /0/ * 



and noting that its hermitian conjugate is 



(d/ f • /) - (P ■ Bf) 



(2.13) 



(2.14) 



X 1 " 



[dP,P] 



-Bf®P + f®Bp , /®/t 



we can reformulate (|2.13|) succinctly as 
<9K - dX 1 " = 0. 



+ 



(/+ • /) 5 



(Bf^f)-(P-Bf) , (2.15) 



(2.16) 



It follows from the above (|2.16|) that <9X is an hermitian matrix, i.e. <9X E isu(iV + 1). 
One can check by a straightforward computation that the complex- valued functions 



J 



1 



satisfy 



BJ = 



dpPdf, 



BJ = 



J =jT7j9pPdf, 



(2.17) 



(2.18) 



for any solution / of the Euler-Lagrange equations (|2.11j) . Note that J and J are invariant 
under global U(iV + 1) transformation, i.e. / — ► ipf, tp S U(A^ + 1). 



3 Some decompositions of SU(A^ + 1) and related parametriza- 
tions of CP N 

In this section we collect several facts concerning realization of projective space CP N as 
a homogeneous space of the special unitary group SU(iV + 1) and discuss related decom- 
positions of the group and its Lie algebra su(iV + 1). The standard reference, where all 
the details missing here can be found, is the book of Helgason|25j. 

As is well known, the space CP N consists of complex lines through the origin in 
(£iv+i one dimensional complex subspaces of C^" 1 " 1 ). We denote by ir the map which 
associates to any nonzero vector Z = (zo, ■ ■ ■ , zn) £ C N+1 the line passing through the 
origin and Z, so that 

tt(Z) = {XZ | A G C} = [zq, z u ..., z N ), (3.1) 

The numbers Zq, Z\, zn, determined up to a nonzero complex number, are called 
the homogeneous coordinates of the line vr(Z). The restriction of it to the unit sphere 
S 2N+l = {Z € C N+1 I Z^Z = 1} remains surjective — the resulting map tth '■ S 2N+1 — ► 
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CP N is known as the Hopf fibration. Observe that if the line I passes through the point 
Z G S 2N+1 , then the fiber over /, tt" 1 ^) = {2e S 2N+1 \Z = e^Z ,ip G M}, is just the 
great circle in S 2N+1 passing through Zq. 

For any given j = 0, 1, . . . , N one introduces the so called affine or inhomogeneous 
coordinates defined in the complement of the set Hj = {tt(Z) \ Z G C^ +1 , Zj = 0} C CP N 
by the prescription 



[Zq, Zi, Z N \ 



Zq Zj-i Zj+i Zn 



which sets up a natural isomorphism of with CP N \ Hj . In the particular case of the 
affine coordinates defined in the set Uq = CP N \ Hq we shall write W{ = zij zq. 

By transitivity of the action of SU(iV + 1) on the set of lines in C N+1 one has a 
natural identification G/Kq ~ CP N , with Kq denoting the isotropy group of the standard 
reference point Iq = 7rff(eo) = Ceo- Now 

^ = S(U(l)xU(iV)) = |( (dct ^ rl °)|AGU(iV)} (3.2) 

and the identification above is written as CP N ~ SU(iV + 1) /S(U(1) x U(N)). Passing 
to the Lie algebra level and denoting the respective Lie algebras by = su(iV + 1) and 



tr A 
A 



A G u(iV) 



one has the direct sum decomposition of the isotropy Lie algebra 

-H 
N 



'Su(N), where c=< |( q ii lAr ]l^ G 



with c being its center. To study other decompositions we first recall that the Killing form 
of g = su(iV + 1) is given by the formula 

B(X, Y) = 2{N + l)tr(XF) (3.3) 

and is negative definite. The space su(iV + 1) of skew-hermitian matrices can thus be given 
the structure of a real Euclidean space of dimension N(N + 2) by taking the negative of 
the Killing form as the inner product. The orthogonal complement to 6o with respect to 
this inner product consists of matrices of the form 

Z(x) = ^ Q ^ = x ® el - e ® x\ (3.4) 

where x = (x±, . . . , xjv) G and Oat is the N x N zero matrix, and this yields the 
orthogonal decomposition q = 6o © P- 

This later fact is a starting point for introducing a useful parametrization of the pro- 
jective space, analogous to the spherical coordinates on the Euclidean sphere. Observe 
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that the adjoint action of the isotropy group Kq on p reduces to the action of U(iV) on 
given by the following formula 

(detA)- 1 0\ /0 -aA UetA \ _ / - (det A)- 1 (Ax)^ 
AJ \x N J \ A- 1 ) ~ \det(A)Ax N 

The action is clearly transitive on the unit sphere in p and essentially this fact implies 
validity of the next result (for a general form of such decompositions cf. |25| p. 402]). To 
formulate it we first introduce more notations. Set H = Z{e\) and let o = MH C p. The 
Lie subgroup exp o = {exp aH \ a £ K} of SU(iV + 1) consists of matrices 




sin a 
sos a 
In-!, 



expaH = I sin a cos a I = ( ^^ a ) ^ ] (3.5) 

u In-!/ 



where we have set R(a) = (g° sa and which is isomorphic to SO(2). The corre- 

sponding maximal torus in CP N is 

A = (exp a) • Iq = { [cos a, sin a, 0, . . . , O] | a € M} (3-6) 

Denoting further by M C Kq the centralizer and by M' C Kq the normalizer of a in 
K , i.e. M = {k e K \ kHk~ l = H} and M' = {k G K \ kHk' 1 C RH}, we see that 



M 



M' 











a 


u 










17 









(: 











i 



U eV(N-l),ueXJ(l), u 2 detU = lj (3.7) 
[JeU(iV-l),u€U(l), e = ±l, u 2 detU = l } (3.8) 



The factor group M'/M = 7Li is the Weyl group associated with CP N . 

We can now formulate the main result of this section, which will be used extensively 
later on. It describes a certain decomposition of the group SU(A r + 1) related to the spher- 
ical parametrization of the projective space and is stated as the point c) of the proposition 
below. The points a) and b) are included for readers' convenience and comprise the clas- 
sical decompositions found e.g. in |251 p. 402]). It should be pointed out that c) is an 
elaboration of the result stated in [10], but proved there only for SU(3). 

Proposition 1 (Polar decompositions). 

Let G = SU(JV + 1), K = S(U(1) xJJ(N)), and let K x denote the image of SV{N) 
in Kq by means of the injection A h ( rj a ) ■ ^ e remaining notations are as explained 
above. 

a) Every element of G can be written as a product g = k\{exp9H)k2 with k\,ki £ Kq. 
More precisely, the map 

Kq x exp a x Kq 3 (k x , exp6H, k 2 ) h-> ki(exp8H)k 2 £ G (3.9) 



arising from the group multiplication, is a smooth surjection. 
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b) The map 

K /M x A B (kM, expOH ■ l ) h+ k ■ expOH ■ l G CP N (3.10) 

is a smooth surjection and is a double covering on the complement of the point Iq G CP n . 

c) Let 

i:U(l)9^^ 1? l)=(;;) (3.11) 

be the diagonal embedding o/U(l) into SU(2). The map 

SU(iV) x U(l) x SO(2) x SU(iV) — ► SU(AT + 1) 
(Ai, n, R(0), A 2 ) ' ^ 

'R(0) 




Ai 









1jv-i 







1jv-i 









1jv-i 





(3.12) 



is a smooth surjection. 

Proof. We are going to prove only part c) of the statement and this follows by simple 
matrix calculations from the polar decomposition given in equation (|3.9j) . Assume that 
we have a product of the form 



Ai 






Ai 



(3.13) 



1 for i 
X 



1, 2. By splitting a factor of the form 



\ A 2 
ljv-J \0 A 2 

where Aj G U(iV) and Aj det Aj 

%(A, A, A- 2 ) 

liV-2, 

from the matrix on the left hand side in this product and commuting it with the middle 
term, we can bring the entries in the top left corners of the matrices on both sides of 
equation (|3.13|) to coincide with each other, thus obtaining the product 



x 1/2.-1/2 
A l A 2 



'A \ /R(0) 
A' J ' V 

with the relations A det A' 
the factors of the form 



<5(A,A) o 
ljv-i 

form (|3.12|) of the product. 



\ f\ 

ljV- J ' V° A '2 

j = 1 for i = 1, 2 still satisfied. Now it remains only to split off 
from the both extreme terms to get the sought for 

Q.E.D. 



Remark 1. The statement in c) above is simply that every element of SU(A r + 1) can 
be written as a product of four matrices of the above given form, and writing down the 
product of the middle terms in equation ()3.12j) explicitely we obtain 









Itv-i 



R(0) 






ljV-l 



8(jjl, m) 






liV-1 



/ n 2 cos 


— sinfl 








fl~ 2 cos 








1 o 










ljV-l 



(3.14) 
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so that the right hand side of the decomposition (|3.12j) reduces to 

... 0\ 



/l 



Vo 



/ 



/ fi 2 cos 9 


— sva.6 






sin0 


/i -2 cos 








V 6 










liV-1 



I ... 0\ 


A 2 



/ 



(3.15) 



where Ai, A 2 G SU(iV), /i = e ta G U(l) and 6, a G R, which up to unimportant changes 
in parametrization, is the expression given in [40, Equation (2) on p. 3605]. 

The polar decomposition ()3.9j) reduces to the following decomposition of SU(3) which 
can be found in the paper of D. J. Rowe and all |40j . 

Corollary 1. Each element of the SU(3) group can be decomposed into the following 
product: 



9 



1 

u x 



<5(A, A) 
1 



R(a) 
1 



where Ui G SU(2) for i = 1, 2 and 
R(a) 



cos a — sin a 
sin a cos a 



5(X, A) 
1 



and (5(A) 



1 

u 2 



A 
A 



(3.16) 



with A G C with |A| = 1. Writing this more explicitely we obtain 





(3.17) 



where a^, bi G C for i = 1, 2 satisfy |aj| 2 + |6j| 2 = 1 and A G C is of modulus 1; |A| = 1. 
Clearly 












«1 






-&1 





A 2 cos a — sin a 
sin a A -2 cos a 
1 










) 


a 2 


b 2 




-6 2 


02/ 



(3.18) 



We finish this section by presenting the explicit orthogonal bases for the Lie algebras 
su(2) and su(3), which will be used in our future discussion of the CP 1 and CP 2 models. 
For uniformity we use the inner product 



2 tr (*n 



where the Killing form is given by the formula 



(3.19) 



B(X, Y) 



4tr(XY), N=l 
6tr(Xy), N = 2 



X, Y Gsu(7V + l). 
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The orthogonal basis with respect to the Killing form is given for the case N = 1 by the 
matrices —icrj, for j = 1, 2, 3, where Uj denote the Pauli matrices 

-(?;). -(° o ! )< — (i -0- (320) 

Now, 5u(3) is eight-dimensional (over R) and consists of matrices of the form 

-Zo ia 2 Z2 | , with z , z\, z 2 G C, ai, a 2 , a 3 G M, ai + a 2 + a 3 = 0. 
-Zi -z 2 ia 3 ; 

For this case we can choose a basis adapted to the decomposition q = 6o © P> where the 
isotropy Lie subalgebra to is given by 

f iOQ 

to = { | iai -z J \a + a 1 +a 2 = 0, cij eR,z £C} . (3.21) 
2 ia2/ 

and may be further decomposed as 

e = u(l)©u(2). (3.22) 

Accordingly, as its orthogonal basis, we take {Sj \ j = 1, . . . , 4}, where 

' -2i 
t 
% 

Its orthogonal complement p consists then of matrices defined in (|3,4|) which take the form 

— X\ —X2 
xi 
K x 2 

We suplement the above defined basis of to by the following basis for p 

/0 -1 0\ /0 -1\ 

5 5 = Z(ei) =1 , S 6 = Z{e 2 ) = , (3.24) 
\0 0/ \1 / 

/0 ! 0\ /0 t\ 

^7 = Z(iei) = i , 58 = Z(ie 2 ) = . (3.25) 
\0 0/ \i 0/ 



^ ([j J 1-2. :). .S'j (0 / | . (3.2:]) 



Z{x)=\xi I) | . where i=(^)eC 2 



and observe that these bases are orthogonal with respect to the Killing form. Thus the 
matrices {Si, . . . , Sg} form an orthogonal basis for su(3). 
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4 The structural equations of surfaces immersed in su(N + 1) 
algebras obtained through CP N models 

In order to investigate immersions denned by means of solutions of the CP N models and, 
in particular, to envisage the moving frames and the corresponding Gauss- Weingarten and 
the Gauss-Codazzi-Ricci equations, it is convenient to exploit the Euclidean structure of 
the su(N + 1) Lie algebras leading to an identification R^^ 2 ) ~ su(N + 1) described in 
the previous section. 

Let us assume that the matrix K given by (|2.14|) is constructed from a solution / of 
the Euler-Lagrange equation (|2.11j) defined on an open connected and simply connected 
set fi C C. The conservation law ()2.16|) then holds and implies that the matrix- valued 
1-form 

dX = i (K t d£ + K df ) = i(K + + K)df 1 - (K f - K)df (4.1) 

is closed (d(dX) = 0) and takes values in the Lie algebra su(N + 1) of antihermitian 
matrices. By decomposing dX into the real and imaginary parts we write 

dX = dX 1 + idX 2 , (4.2) 

where the 1-forms dX 1 and dX 2 with values in si (N + 1, R) are anti-symmetric and 
symmetric, respectively, i.e. 

(dX 1 ) T = -dX 1 , (dX 2 ) T = dX 2 , 

with the superscript T denoting the transposition. From the closedness of the 1-form dX 
it follows that the integral 



i 



(Xtd^ + KdO =X(Z,£) (4.3) 



7 



locally depends only on the end points of the curve 7 (i.e. it is locally independent of the 
trajectory in the complex plane C). The integral defines a mapping 

X : n 3 (£, h-» X(£, e su(N + 1) ^ R N! ^ N+2 ^ (4.4) 

which will be called the generalized Weierstrass formula for the immersion. The tangent 
vectors of this immersion, by virtue of (|4.1|1 . are 

d±X = i(K^ + K), d 2 X = -(K f -K) (4.5) 

and the complex tangent vectors are 

dX = iK^ , dX = iK. (4.6) 

Hence a surface F associated with the CP N model (|2.11|) by means of the immersion 
(|4.4j) satisfies the following 
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Proposition 2 (Metric form). 

Components of the metric form induced on ¥ by the Euclidean structure in su(N + 1) 
defined by the negative of the Killing form (|3.3|) are given by 

g u = (diX, diX) = 2(N + l)tr(K f + K) 2 

522 = (d 2 X, 8 2 X) =-2{N + l)tr(IC t - K) 2 (4.7) 
gi2 = {dxX, d 2 X) = 2i(N + l)tr[(K f + K)(K^ - X)]. 

The components of the metric form with respect to the complex tangent vectors are given 
by the following expressions 

g u = (dX, 8X) = J, g- a = (BX, dX) = J, 
g^ = git = (dX, dX) = q, 

where J and J are functions defined by (|2.17|) and q is a non-negative (real valued) function 
given by 

Consequently the first fundamental form I of the surface ¥ is given with respect to the 
complex coordinates £, £ by 

1 = Jdf + 2qd£d£ + JoUp . (4.8) 

In Section |S] we compute explicitely coefficients of the metric form in the case of CP 1 
model. 

As usual, we denote 

2 I Ti 2 2 

9 = 9U9u ~ = I J l ~ q 
the determinant of the metric form. It is known that the Gaussian curvature of the surface 
F with respect to the induced metric is given by 



k = 

2^5 



-^-(-2dq + qd(lnJ)) 
V9 



(4.9) 



The quantity Jd£ 2 defined on F, called Hopf differential, is invariant with respect to 
conformal changes of coordinates. We use this freedom to simplify the corresponding 
equations. 

Our next task is to determine a moving frame on the surface F and to write the 
corresponding Gauss- Weingarten equations expressed in terms of a solution / satisfying 
the CP N sigma model equations (|2.11|) . Using the Gramm-Schmidt orthogonalization 
procedure to construct and write explicitly expressions for the normals % to a given 
surface in l iV ( iV+2 ) can, in general, be a complicated task. An alternative way we propose 
here involves the use of the isomorphism of M^^" 1 " 2 ) with the Lie algebra su(N + 1). 
In this representation, the equations for a moving frame on the surface can be written 
in terms of (N + 1) by (N + 1) skew-hermitian matrices. To simplify, in the following 
calculations we suppress the normalization factor 2(iV + 1) in the definition of the inner 



14 



A M Grundland, A Strasburger and W J Zakrzewski 



product in su(N + 1) — cf. We introduce real normal vectors 773,. . . ,rj N ^ N+2 ) to 

the surface F and consider the frame 

77 = (771 = dX, rj 2 = dX, 773, ... , rj N(N+2) ) T 

with components satisfying the following conditions 



(dX,r ]k ) = 0, (dX,ri k )=0, 

(Vj,r} k ) = S jk , j,k = 3,...,N(N + 2). 

Next we define 

j k = ti{d 2 x-i lk ), H k = ti{dBx-7 lk ). 

Now we can formulate the following 



(4.10) 



(4.11) 



Proposition 3 (The structural equations). 

For any solution f of the CP N sigma model equations (|2.11|) . such that the determinant 
of the induced metric g is nonzero in some neighborhood of a regular point p = (£oj£o) 
C, there exists in this neighborhood a moving frame n on this surface which satisfies the 
following Gauss-Weingarten equations 



dr Ji = A il i ll ,dr H = B il r lh i, I = 1, . . . ,N(N + 2) 
where the N(N + 2) by N(N + 2) matrices A and B have the form 



(4.12) 



A 



( 



\ a \,N(N+2) 01,N(N+2) — &3,N(N+2) 



01,1 


Ol,2 


J 3 


Jn(N+2) 










• - - H N ( N+2 ) 


«1,3 


01,3 





• - - 5'3,Af(Af+2) 



(4.13) 



and 



B 









H 3 


02,1 


0-2,2 


J~3 


«2,3 


02,3 






H 



J. 



N(N+2) 



S- 



N(N+2) 
3,N(N+2) 



\ a 2,N(N+2) 02,N(N+2) 

The elements of A and B take the form 
Sjk + S k j = , Sj k + S k j = 
ui,j = ~(Hj g^ - Jj , /3 



(4.14) 



3,^(^+2) 



1 ' = ~g <yJj9 ^~ Hj9 ^' 



9 

1 - 1 - 

«2 j = ~{J 9^ - H 3 9U) , 02,j = ~ (Hj g e g - Jj g u ) , 



(4.15) 



9 



9 
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where 



oi.i = -02,2 

9 



l Re {^f( Jdfj + 9 ^ Bf ') Pd2f 

d r pd f)9u-—FYf-\J\ >, 



(4.16) 



(/+/) 

01,2 = ^ Re {7T7 ( ja/t + ^ /f ) P ^ 2/ 

02,1 = ^ Re {77/ ( J ^ f + ^/ f ) 

T7te Gauss-Codazzi-Ricci equations are given by 

BA- dB + [A,B]=0 (4.17) 
and coincide with the equations of the CP N sigma model (|2.11f) . 
We note that the elements the usual Christoffel symbols. 

Proof. Note that for any solution of the CP N equations (|2.1H) the matrices BX and 
BX are defined by l)4.6[) . As can be checked by a straightforward computation using (|2.11[) . 
the mixed derivatives BBX and BBX coincide and are normal to the surface 

BBX = [3P,BP] 

= -ij(Pdf®dfip-Pdf®dfip) 

+ TW]f( dfjpBf - BpPdf)f ® /t 

= -[dP,aP] = ddX (4.18) 

Combining this equation with the CP^ equations (|2.11j) . expressed in terms of the pro- 
jector P, we obtain 

tv(ddX ■ dX) = tr([&P, BP] • [8P, P]) = 0, 

tr(aax • ax) = tr([&p, a>] • [ap, p]) = o. 

As a direct consequence of differentiation of the normals (|4.1U|) we get 

(<%,%) + {drj}.,^) = S jk + S kj = 0, 
(drjj,rj k ) + (8r} k ,r)j) = S jk + = 0, j / fc 



and 



(ar ?j ,ax) + (r ?i ,aax) = 0, 
(dr, j ,dx) + (r, j ,d 2 x) = o, 

(5r /i ,5X) + (r ?i ,a 2 X) =0, 
(drj j ,BX) + (r Jj ,ddX)=0. 
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Using the expressions (|4.12jl - (|4.14jl and ((21)) we come to the following set of linear equations 



9u a hj + 9^l,j + Jj = 0> 

9te<xij + g a Pi,j +Hj = 0, j = 3,..., N(N + 2) 

9££<*2j + 9ufa* + ^ = °> 
ff£,e<*2,j + ftj + Hj = 0, 



(4.22) 



which allow us to determine elements oiij and @i j in terms of the coefficients of the metric 
form, Hj and Jj. As can be easily calculated, they take the form (|4,15|) postulated in 
Proposition 01 The second derivatives B 2 X and B 2 X are 

d 2 x = j^(Pd 2 f®p -f®d 2 fP) 



+ 



{Pff 



(dp-f)f®dpp-(p-df)Pdf®p 



& X = j\jU ® g2 / f P - ® /t) 

2 



(4.23) 



+ 



(/+ • df)Pdf ® /t - (a/t • /)/ ® a/tp 



Let us observe that the following traces (and their complex conjugates) vanish: 
tr((d 2 A - ai,idX - a lj2 BX) • OX) = 0, 

tr((9 2 A - a 2)l dX - a 2 ,2dX) ■ dX) = 0. ' ' ' ' 

This means that the vectors corresponding to the matrices (d 2 X — a^\dX — ai^dX) 
and (8 2 X — a%idX — a^dX) ,i = 1,2 are normal to the surface determined by (|4.12j) . 
Substituting 1)4.231) into equations ()4.21)) and solving the obtained linear systems we can 
determine an, i,l = 1,2 which prove to be of the form ()4.16|) . 

Finally, the Gauss-Codazzi-Ricci (GCR) equations are the necessary and sufficient 
conditions for a local existence of a surface and are the compatibility conditions of the 
Gauss- Weingarten equations. In our case the GCR equations coincide with the CP N sigma 
model equations 1)2.11)1 and are given in a matrix form by 1)4.17)1 . So, with any solution / 
of the CP^ model we can associate a surface defined by 1)4.3)1 . Q.E.D. 

Making use of the expressions for the second derivatives of X, the induced metric and 
for the elements an appearing in matrices A and B, we can write explicitly the second 
fundamental form of the surface in terms of the model 

II = {d 2 X) ± df + 2(3<9X) ± d£d£ + {d 2 X) ± di 2 

= (d 2 X - a lt idX - a lt2 dX)df + 2(ddX)d£d£ (4.25) 
+ (B 2 X - a 2A BX - a 2 , 2 BX)d?, 



where the symbol _L denotes the normal part of matrices BiBjX and the indices i, j stand 
for £ or £. The quantities an are given by 1)4.16)1 . 
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The mean curvature vector can also be expressed in terms of the model as follows: 



H = -(g^X) 1 - 2g a (ddX) ± +g^(d 2 X) ± ) 

= - {g^[d 2 X - a 1A dX - ai t2 8X] - 2g^d8X 
+g u [8 2 X - a 2A 8X - a 2 , 2 8X}} . 
The Willmore functional of a surface has the form 



(4.26) 



W 



|H| 2 v^d£de 



(4.27) 



When a solution / satisfying the CP N model Q2.11JI is defined on the whole Riemannian 
sphere S 2 then the integral 



Q 



8tt j §2 

i r i 



tr(P • [dP,dP] )d£d£ 

(dpPdf - BfPdf)d^ 



(4.28) 



is an invariant of the surface and is known as the topological charge of the model. If the 
integral (|4.28|) exists then it is an integer which characterizes globally the surface under 
consideration. 

Summarizing, we can now state the following analog of the Bonnet theorem, cf. • 

Corollary 2. For the complex-valued function f satisfying the CP N sigma model equations 
(|2.11|) . the generalized Weierstrass formula for immersion (|4.4|) . i.e. 



[dP,P]d£ + [dP,P]dZ, 



(4.29) 



describes a surface in su(N + 1). This surface is determined by its first and second fun- 
damental forms (|4.8|) and (|4.25fl uniquely up to Euclidean motions. 

Finally, it is worth noting that the method described above may be of use in the study 
of the elliptic periodic two-dimensional Toda lattice (2DTL) which is related to surfaces 
immersed in su(N + 1) Lie algebra |18| . The equations of 2DTL can be written in a 
matrix form as the zero curvature equations 8 A — dB = [A, B], formally identical with 
the Gauss-Codazzi-Ricci equation (|4.17|) . where the two (N + 1) by (N + 1) matrices A 
and B are defined as follows 



A 



/ du 





. 





U ,n\ 


U lt0 


du\ 


. 











U 2 ,i 


du 2 . 














. 


. du N -i 





V o 





. 


■ Un,n-i 


du N J 



(4.30) 
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where for i, j = 0, . . . , N, we set Ui : C — > M, uq + . . . + un = and Uij = exp(uj — Uj). 
It is known |18| that the zero-curvature equation (|4.17|) for matrices (|4.3Uj) implies the 
existence of a complex valued function F : C —* SU(iV + 1) such that 

F~ l dF = A, F~ l dF = B (4.31) 

So, according to the Proposition^ we can identify Q4.31JI with the complex tangent vectors 
(|4.6|) of the immersion (|4.4jl . Hence the 2DTL equations can be viewed as being associated 
with the specific form (|2.13j) of the CP N model. Establishing this link could be useful 
for determining certain geometric characteristics of surfaces corresponding to the elliptic 
periodic two-dimensional Toda lattice, but this point will not be considered here. 



5 Immersions into the Lie algebra su(2) arising from the CP 1 
model 

In this section we sketch an application of the techniques developed in the previous sections 
to the case of CP 1 sigma model. This allows us to put the results obtained in the earlier 
publications |22l 1211 I15j in a broader perspective, as well as to point out some further 
geometrical properties of surfaces obtained from this model. 

The fields of the CP 1 model in the notation of the Section |3] are given by [z] = [/o, fx], 
where z = (/o, /i) £ S 3 C C 2 , but it is customary to replace here the homogeneous 
coordinates (/o, /i) by the affine coordinate W = fi/fo- The Euler-Lagrange equation 
(12.111) reduces to 



ddW 



2W 



dWdW = 



l + \W\ 2 

and the matrix IK of the eqn. Q2.14J) is then given by 
1 



(5.1) 



K 



{l + \W 



WdW - WdW dW + W 2 _dW 
■in \ -0\V W-<)W WdW -WdW 



(5.2) 



The 1-form dX = i(K^d£ + Kd£) of the eqn. 03} defines an immersion into su(2) — to 
pass to the Euclidean space M 3 we first compute its real and imaginary parts and obtain 



dX 1 



2(1+\W\' 2 Y 2 



+ 



-dW - W 2 dW -dW - W 2 dW 

dW + W 2 dW + dW + W 2 dW 

dW + W 2 dW + dW + W 2 dW 



-dW - W 2 dW -dW - W 2 dW 







d£ 



and 
dX 2 



l 

2(l+\W\ 2 ) 2 
+ 



2(WdW - W_dW)_ -dW - W 2 dW_ + dW + W 2 dW 

dW + W 2 dW -8W- W 2 dW -2(WdW - WdW) 

2(WdW - WdW) _ dW + W 2 dW - dW -W 2 dW \ - 



dW - W l dW + dW + W l dW 



-2{WdW -WdW) 
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These in turn can be expressed in terms of the Pauli matrices <7j (cf. eqn. ([3.20)1 ) as 
follows 

dX 1 = idX 1( T2 , dX 2 = dX 2 ai + dX 3 a 3 , 
where the real-valued 1-forms dXi, i = 1,2,3, are given by 

dx 1 = 2(1 + j vy[2)2 { - [dw + w 2 dw + dw + w 2 dw] d£ 

+ [Bw + w 2 Bw + Bw + w 2 Bw] d^}, 
dx 2 = — — i— — {[-aw- w 2 dw + dw + w 2 dw] d£ (5.3) 

+ [Bw + w 2 Bw -Bw- w 2 Bw] d^}, 

dX 3 = - ^ { [WdW - WdW] d£ + [WBW - WBw] d£} , 

which is the generalized Weierstrass formula for an immersion into M 3 ~ su(2). An 
interested reader may check that the equations (|5.3|) yield the classical Weierstrass formula 
(|1.2I) under the substitution W = /i//o- 

Starting from a particular solution W of the CP 1 sigma model equation ([5.1)1 one 
constructs an immersion in M 3 by the use of the formulae ([5.3[1 . The following is now 
readily obtained form the Proposition 

Corollary 3. For the immersion given by equations ([5.3)1 the coefficients of the induced 
metric are given by the following expressions 

\dW\ 2 + \Bw\ 2 + \dW - Bw\ 2 



9ii 



{l + \W\ 2 ) 2 



\dW\ 2 + \dW\ 2 + \dW + dW\ 2 , t . 

922 = (T+WW 2 ' ( ) 

_21m(dW8W) 
912 ~ (1 + \W\ 2 ) 2 ' 

The complex form of the induced metric in this case is given by 

dWdW _ BwBw _ \dW^ + \Bw\ 2 

9iA ~ (1 + |W| 2 ) 2 ' 9U ~ ~(1 + |T^| 2 ) 2 ' 9 ^~ (1 + \W\ 2 ) 2 ' ( } 

For solutions of ([5.1)) which are defined over S 2 , the function W can be only holomorphic 
or antiholomorphic (cf. HZ])- For holomorphic W equations ([5.5)1 reduce to 

|<9J^| 2 

= 9u = J = ' 9& = (1 + |^| 2 )2 ( 5 - 6 ) 

implying that the immersion is conformal. These relations, as shown earlier ^3], imply also 
<7£ £ = | 2 . The Gaussian curvature is K = 1, and the first and the second fundamental 
forms for the immersion are equal, 

H = I= \ dW \ d£dl (5.7) 

(l + iiyi 2 ) 2 
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Moreover, as shown by K. Kenmotsu in [2E], the function W represents the complex Gauss 
map of the surface. Geometrically, all that means that solutions of the CP 1 model (j5.ll) 
defined over S 2 parametrize the standardly immersed sphere in R 3 . This had already been 
shown in the case of instanton solutions of the SO (3) sigma model in 

6 Surfaces immersed in the su(3) algebra 

Here we apply our considerations to the CP 2 model for which we construct the associated 
immersion of a surface F in M 8 and compute some of its geometric characteristics. For the 
case of N = 2 we can pass from the representation [z] = [/o, fi, f 2 ] to the inhomogeneous 
(affine) coordinates W\ = fi/fo and W 2 = HI Now the Euler-Lagrange equations 
(12.111) take the form 



2Wi Wo 
ddWi -^-dWidWx - -^-(dW x dW 2 + 8W 1 dW 2 ) = 0, 

4 4 (6.1) 

ddW 2 - —^-dW 2 dW 2 - -j-{dWidW 2 + dWidW 2 ) = 0, 

where 

A = l + \W 1 \ 2 + \W 2 \ 2 . (6.2) 

As was noted in |22j . the metric induced by the immersion X(£,£) in M 8 ~ su(3) is 
conformal for holomorphic solutions of the CP 2 model defined over S 2 and is then given 
by 

\dW!\ 2 + \dw 2 \ 2 + \w 1 dw 2 -w 2 dw 1 \ 2 foo . 

9m = m = °' 9& = ^2 • ( 6 - 3 ) 

We shall write 

g u = e l^\ (6.4) 

where u is a complex- valued function of £, ^ G C given by 

u + u = In [|dVFi| 2 + \dW 2 \ 2 + \WidW 2 - WrfW^ 2 }^. (6.5) 

Under the above circumstances the following holds: 

Proposition 4 (Structural equations for holomorphic CP 2 model). 

Any set of holomorphic solutions (Wi,Wi), i = 1,2 of the CP 2 sigma model equations 
(|6.1|) defined over S 2 such that the induced metric is nonzero in some neighbourhood of 
a regular point p = (£o>£o) G C, determines a conformal parametrization of a surface F 
immersed in the su(3) Lie algebra. Its moving frame on F can be written in terms of 3 by 
3 skew-hermitian matrices and is of the form 



rj = (dX,dX,rji, . . . ,rj 6 ) T , 



(6.6) 
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where the complex tangent vectors to the surface F are given by the following traceless 
matrices 

-(W 1 dW 1 + W 2 dW 2 ) -W 1 (W 1 dW 1 + W 2 dW 2 ) -W 2 (W 1 dW 1 + W 2 dW 2 ) 
BX = -4o di Wxdi W 2 d x 



A 2 



d 2 Wxd 2 W 2 d 



2 



WidWi + W 2 BW 2 _ -di_ 
BX = Wi{WidWi + W 2 BW 2 ) -Widi 



A 2 



W 2 {WidW x + W 2 dW 2 ) -W 2 d 




and where we have defined 

d x = (1 + |W 2 | 2 )dVFi - W x W 2 dW 2 , 
d 2 = (1 + |V^i| 2 )5W 2 - WiW 2 0Wi. 



(6.7) 



(6i 



Remark 2. The explicit expressions for the complex normals to this surface immersed in 
su(3), in terms of W\ and W 2 , can be found in the Appendix to [16] . 

Proof. Due to the normalization of the function X (given by equations (|6.4j) and ()4.6j0 
we can express the moving frame rj = (dX, BX, r\\ , . . . , %) T on a surface F in terms of the 
adjoint su(3) representation 

' 3X = e^ 2 ®-^-®, 

BX = e"/ 2 $- 1 y+$, (6.9) 



rii = $ 1 5i 4 . 2 * l 



where 




Y _ = l( Sl -iS 2 )=l 10 0, Y+ = l -(S 1+ iS 2 ) 




(6.10) 



Note that {YL-, Y + } span over R, the same space as {Si, S 2 }. Using the polar decomposition 
of the SU(3) group given in Section |HJ cf. (|3.12|) . a general SU(3) matrix can be 
decomposed into a product of three SU(2) factors. Performing the multiplication in the 
expression (|3.18|) and setting A = e* 9 ^ 2 and a = t, we obtain 

(e l<p cost —a 2 s'mt —b 2 sint \ 

aisint aia 2 e- it(> cos t - b x b 2 b 2 a x e~ iv cos t + a 2 b x J € SU(3), (6.11) 
—bisint — a 2 b\e~ %v cos t — d\b 2 — bib 2 e~ itp cos t + a~\d 2 J 

where the complex- valued functions a^, bi of £, £ satisfy and ip, t are real- valued functions 
of £, £ G C. The requirement that the parametrization of a surface F is conformal implies 
the following relations 

(BX, 8X) = e M tr(y_) 2 = 0, (BX, dX) = eHv(Y + ) 2 = 0, 

u i, ^ (6-12) 

(9X,<9X) = e2 (u+s) tr(y_ • Y+) = e ^ u+u \ 
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and 

(dX,ri l ) = e u / 2 tr(Y^-S t+2 ) = 0, 

(dX, Vl ) = e a /hiiY + -S l+2 ) = 0, (6.13) 

iVj,ilk) = tr(Sj+2 • Sk+2) = 5jk- 

Now we have to determine the form of a 8-parameter representation of the matrix $ in 
terms of Wj, Wj, compatible with the CP 2 sigma model 1)6.1)1 . Using the 3 by 3 projector 
matrix 

1 / 1 W l W 2 \ 
P = l 3 __ Wl WiWi W X W 2 , (6.14) 

\w 2 w x w 2 W 2 W 2 j 

we can write the Euler-Lagrange equations <j6.1|) in the form of a conservation law 1)2.1 
for the matrix 

-dWi -3w 2 

WtfW! - WidWx W 2 dWi - WidW 2 

(6.15) 




dW 2 W x dW 2 - W 2 dWi W 2 dW 2 - W 2 dW 2 
1 W\ w 2 
+ 4o I w i \ w i\ 2 WiW 2 



A 2 



W 2 W{W 2 \w 2 12 



'2| 

where we have defined the following expression 

P = W 1 dW 1 -W 1 dW 1 + W 2 dW 2 -W 2 dW 2 (6.16) 

and the quantity A is given by equation 1)6.2)1 . According to 1)2.14)) and ()4.6)) , the matrices 
d X and dX take the required form (|6.7|) . 

Let us note that to satisfy the compatibility condition for ()6.9|) (i.e. <9<9X = ddX) it 
is sufficient, in view of the conservation laws ()2.13j) . to postulate that the condition ()4.6|) 
holds for the matrix K given by ()6.15)) . So, we can determine functions aj,6j S C and 
t, ip S R, appearing in the matrix $ G SU(3), in terms of Wi and Wj, i = 1,2. By a 
straightforward algebraic computation we get 



(Wi5Wi + W 2 aW 2 )A- 1 / 2 -*r -1 e < *'il- 1 /2d 1 -^"V^- 1 / 2 ^ 



\ ir-^Wi^Ws - W 2 dWi)e" 2 ^ -ir^dW^' 2 ^ ir^dW^ 2 ^ ) 

(6.17) 

where we have used the notation introduced in 1)6 .8|) and have set r 2 = A 2 ^^. 

Given the above form of the matrix $, the matrices Y-, Y + and the 5*1+2; i = 1, . . . , 6 
the moving frame 1)6.9)1 adopts the required forms (|6.6)l - (|6.7j) . One can check directly that 
it satisfies the Gauss- Weingarten equations 1)4.12)1 . In our case the corresponding GCR 
equations, which are the compatibility conditions for 1)4.12)1 . coincide with the CP 2 sigma 
model equations 1)6.1)1 . Thus we have proved that any holomorphic solution of the CP 2 
model defined over 5 2 gives a surface conformally immersed in R 8 with the moving frame 
given by and l)BT7)i . Q.E.D 
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7 Examples and applications for the CP 2 model 

Based on the results of the previous sections we can now construct certain classes of two- 
dimensional surfaces immersed in R 8 . For this purpose we use the CP 2 sigma model 
defined over S 2 . For this model all solutions of the Euler-Lagrange equations ([6.1)1 are 
known [17]. If we require the finiteness of the action (|2. 91) they split into three classes 
: holomorphic (i.e. Wi = Wj(£)), antiholomorphic (i.e. Wi = Wi(£)) and the mixed 
ones. The latter ones can be determined from either the holomorphic or antiholmorphic 
functions by the following procedure |47j : 

Consider three arbitrary holomorphic functions gi = <?i(£) and define for any pair of 
them the Wronskian functions 

Gij = gidgj - gjdgi , % = , % = 1, 2, 3 (7.1) 

Then one can check that the map f = (fi, f 2 , /s), where 

3 

fi = Y,9kG ki , z = 1,2,3 (7.2) 

is a solution of the CP 2 sigma model, so called the mixed one, and hence the ratios 

Wi = fy , W 2 = ^ (7.3) 

J3 J3 

satisfy equations (|6.1|) , 

An alternative approach starts with any antiholomorphic functions gi = <7i(£) and con- 
structs functions fi and consequently Wi as above but using 5 instead of d in the definition 
of G^. It yields results which are complementary to the ones obtained by the first ap- 
proach. Let us note here that the requirement of finite action (|2,9|) excludes solutions 
which admit Painleve transcendent (i.e. all critical points are fixed independent of initial 
data), branch points or essential singularities. 



Now, let us discuss some classes of surfaces immersed in su(3) algebra which can be 
obtained directly by applying the Weierstrass representation (|4.4|) . For the CP 2 model 
(J6.1|) . the matrix K in terms of Wi and Wi, i = 1, 2 is given by ()6.15j) . From the equation 
(|4.1jl we obtain for the real and imaginary parts of the 1-form dX the expressions 



dX 1 



dX 2 



i 
2 

1 " 

2 . 



(K f - K)d£ + (K— K T )d£ 
(K f + K)d£ + (K + lK^d^ 



(7.4) 



Clearly, the matrices dX 1 and dX 2 are antisymmetric and symmetric, respectively, and 
hence can be decomposed in terms of the chosen basis in su(3) given by (|3.23|) - ()3.25|) as 
follows 



dX 1 = dX 2 S 2 + dX 5 S 5 + dX 6 5 6 , 

dX 2 = i [dXiSi + dX 3 S 3 + dX 4 5 4 + dX 7 S 7 + dX 8 S 8 ] 



(7.5) 
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As a result of the decomposition (|7.5j) . there exists eight real- valued functions £) i = 
1, . . . , 8 which determine the generalized Weierstrass representation of surfaces associated 
with the CP 2 model (|6.1[) . Considering the off-diagonal entries of the matrices dX 1 and 
dX 2 we get 

dx 1 = [j(dw 1 - cWi) + -^(Wi + wi)]d^ + (awi - awi) + -^(wi + wi)]d£ 
dx 2 = -i{[I(5Wi + dWi) + jp{Wi - Wx)]d£ 

+ i-jidWi + awi) + -^(Wi - wojde}, 
dx 5 = -*{[^(aw 2 + av^ 2 ) + -^(w 2 - w 2 )]d£ 

+ h^(aw 2 + Bw 2 ) + -^(w 2 - w 2 )]dc}, 

(7.6) 



dX 6 = -i\[-(W 1 dW 2 - W 2 dWi - W 2 dWi + W x dW 2 ) + -^(WW 2 - W{W 2 )]di 

+ [^{WidWx - w 1 Bw 2 - w 1 Bw 2 + w 2 8w!) + ^{w x w 2 - ww 2 )]d£}, 

dX 7 = {-(WidW 2 - W 2 dWi + W 2 dWi - WidW 2 ) + -^{W{W 2 + WiW 2 )]d£ 

+ [l(w- 2 awi - Wiawa + Widw 2 - w 2 awi) + ^{w x w 2 + ww 2 )]d£ 
dx 8 = [j(aw 2 - dw 2 ) + j^{w 2 + w 2 )]de + [^(aw 2 - aw" 2 ) + -^(w" 2 + w 2 )]df. 

From the diagonal entries of the matrix dX 2 we obtain 

dx 3 = 2{[j(w 1 dw 1 - WidWi) + -^|iyi| 2 ]d£ 
+ [hwtfWx - WxdWx) + ^|iyi| 2 ]de), 

A A J (7.7) 

dx A = 2{[-(w 2 aiy 2 - w 2 dw 2 ) + -^\w 2 \ 2 \dt 
+ [I(T^ 2 aw 2 - w 2 Bw 2 ) + ^\w 2 \ 2 ]dc}. 

Note that by virtue of the conservation law (|2.16|) . the 1-forms (|7.6p and (|7.7j) are the 
exact differentials of real- valued functions. The functions .Xj(£,£) j = 1, . . . ,8 constitute 
the coordinates of the radius vector 

= (*i • • • ,* 8 (£,e)) (7-8) 

of a two-dimensional surface in R 8 . Thus, if the complex- valued functions Wi, i = 1,2 
correspond to any solution of the CP 2 sigma model (|2. 13j> , then we can use the generalized 
Weierstrass formulae Ij7.6|) and (|7.7|) to construct a two-dimensional surface in M 8 uniquely 
defined by this solution. 
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Let us note that in the limiting case when 

W i^^ i = 1 > 2 > ( 7 - 9 ) 

or when we put W\ = or W 2 = 0, the Weierstrass formulae Q7.6B and (|7.7|) reduce to 
formulae (|5.3f) describing the immersion in the the CP 1 case. These limits characterize 
some properties of solutions of both systems and (jdlj) . 

Now, let us discuss some classes of surfaces immersed in M 8 which can be determined 
directly by applying the Weierstrass representation Q7.6|) and (|7.7[) . 

Example 1. As well known, the simplest case of solutions of the CP 2 model is obtained 
by taking Wi to be analytic. In this case dWi = and so many expressions in (|7.6|) and 
(|7.7|) vanish. In fact we get, (with c.c. denoting the complex conjugate) 

dAi = <9j — jd£ + c.c, dX 2 = — jd£ + c.c, 

dX 3 = 2d{^-^)d£ + c.c, dX 4 = 2d{^^W + c.c. 

1 A J _ L A - _ (7.10) 

dX 5 = -z<9| jd£ + c.c, dX 6 = -»5| jd£ + c.c, 

dX 7 = <9| jd£ + c.c, dX 8 = <9| jd£ + c.c. 

These expressions can be easily integrated giving us, up to overall constants that can 
be added to any Xf. 

Xl = 2 {M!!} ^. = -i{" r '- ar '}, x e = -i{^-^'}, (7.11) 

Xl = \ ^ /' - Ts = i ^ 1' 

Note that in general we have a surface in M 8 . Using (|6.3|) it is very easy to calculate 
the curvature as we know that 

gte = A- 2 {\W 1 \ 2 + \W 2 \ 2 + \W 1 W2-W 2 W 1 \ 2 }, g^=g a = 0, (7.12) 

where the dot denotes the differentiation with respect to ^. Then the Gaussian curvature 
is given by 

K = — —ddlngzt. (7.13) 
Now, by setting W 2 = the above model is reduced to the CP 1 case, with 

1 l + II^il 2 ' l + |VFi| 2 i + |iyi| 2 v ; 
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and the remaining components X{ = (for i = 4, . . . , 7). 

Note that in this case our surface is the surface of an appropriately located sphere. To 
see this note that 

_ l-|Wi| 2 

Xs ~ 1 + TTm 2 ' ( } 

Then we have 

A^i 2 + X 2 2 + (X 3 - l) 2 = 1 (7.16) 

and so we see that all the points lie on the surface of a sphere of unit radius, centred at 
(0,0,1). Of course, the number of times this surface is covered depends on the degree 
of W\, i.e. the topological charge of the map. This is, of course, consistent with (|7.1^j) . 
which gives a constant. 

In the CP 2 the situation is more complicated but also more can be said about the 
surface; i.e., for example, all points lie on the hyper ellipsoid surface 

X\ + X\ + Xl + Xl + Xl + 2Xl + 2X 7 +Xl = 2. (7.17) 

However, the Gaussian curvature is not necessarily constant. To see this we use (j7.13|) 
and consider very specific fields, namely: 

Wi = a£, W 2 = f. (7.18) 

Then 

a- - a2 + 4 ^ 2 + a W (719) 

ff « ~ (l+a 2 |£| 2 + |^) 2 [LU) 



and so 



^ (a 2 + a 2 |g| 4 + aW) _ a 2 + a 2 |g| 4 + 4|£| 2 

9 ^ (a 2 +4|£| 2 +a 2 |£| 4 ) 2 (l + a 2 |e| 2 + |e| 4 ) 2 ' 1 ' 

Then 

K = ^ + *g±W±W> (7 . 21) 

(a 2 + 4|£| 2 + a 2 |£| 4 ) 3 

which shows that the curvature is constant only when a = or a = y/2, but not in other 
cases. Hence, in general, the surfaces do not have a constant Gaussian curvature. 

Example 2. The simple mixed solution obtained by choosing g\ = 1, g 2 = £, 53 = £ 2 
in the formulae (|7.1jl - l|7.3jl gives us the following 

-tii+m*) i-i^i 4 {7 22) 
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The Weierstrass representation (|7.fij) . (|7.7j) can be integrated and it leads to the following 
expression for the immersion of our surface in R 8 in polar coordinates (r, tp) by 

— 12r 4 cos 2tp 



Xi 
X 2 

x 3 
x 5 

Xe 

x 7 

X 8 



{r, <p) 

(r, <p) 
(r, <p) 
[r,<p) 
(r, <p) 



(l+ r 2 


+ r 4 )(l +4r 2 +r 4 )' 




12r 4 sin 2tp 


(1 + 


r 2 + r 4j(l + 4 r 2 + r 4 


-4(4t 


■ 6 + 6r 4 + 9r 2 + 2) 


(1 +r 2 


+ r 4 )(l +4r 2 +r 4 )' 




12r 2 (l + r 4 ) 



;i +r 2 +r 4 )(l +4r 2 + r 4 ) ' 



2(r 8 + 7r fc 



1) sin 99 



(7.23) 



r(l + r 2 + r 4 )(l + 4r 2 + r 4 ) ' 
-4(r 8 - 2r 6 - 4r 2 - 1) sin tp 

~ r (l + r 2 + r 4)(! + 4r 2 + r 4) ' 

-4(r 8 - 2r 6 - 4r 2 - 1) cos tp 
r(l + r 2 +r 4 )(l +4r 2 +r 4 ) ' 



-2(r 8 + 7r fc 



1) cos tp 



r(l +r 2 +r 4 )(l +4r 2 + r 4 )' 

The curvatures can be calculated, but the expressions are rather involved, so we omit 
them here. 

Example 3. Another interesting class of mixed solutions of the CP 2 model is given by 



1 



Wo 



(7.24) 



lei 2 ' i-iei 2 ' 

In this case the system of Euler-Lagrange equations simplifies considerably and there- 
fore the Weierstrass formulae (|7.6|l . ()7.7() can be easily integrated. In polar coordinates, 
setting r = , we obtain 

-1?, 



X 7 (l?,V9) 



r " tanh 1? sin tp, Xg ($,<£>)= e tanh$cos</?, 



secht?, =X 3 = X 4 = X 5 = X 6 



0. 



(7.25) 



This describes a surface of revolution which is contained in a subspace of dimension 3 (see 
Fig. 1). The first and second fundamental forms are 



I 
II 



1 



^1+r 2 ) 2 



1 



( 1 + r 2)2( r 4 + g r 2 + 1 )l/2 

The Gaussian and mean curvature are 
16r 8 (r 2 + 3) 



3 (r 4 + 6r 2 + l)dr 2 + (r 2 - ifdtp' 



[(r 2 + 3)dr 2 + r 2 (r 2 -l)d^ 2 ] 



(7.26) 



K 
H 



(r 4 + 6r 2 + l) 2 (r 2 -l)' 

r 4 (r 4 + 4r 2 - 1) 
(r 4 + 6r 2 + l) 3 / 2 (r 2 -l) 



(7.27) 
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Since the curvatures are not constant, the surface cannot be obtained from the CP model. 



8 Concluding remarks and prospects for future develop- 
ments 

There are reasons to expect that the association between the Weierstrass representa- 
tion of surfaces immersed in su(N + 1) Lie algebras and the solutions of the Euclidean 
two-dimensional CP N sigma models, described in this paper, can be found also for 
more general sigma models. A good object of the investigation in this direction are the 
complex Grassmannian sigma models which take values on symmetric spaces SU(m + 
n)/(S (U(m) x U(n)). These models share many important common properties with the 
CP N models considered here. They possess an infinite number of conserved quantities, as 
well as infinite-dimensional dynamical symmetries which generate the Kac-Moody alge- 
bra. The Grassmannian sigma model equations, just like those of the CP N models, have 
a Hamiltonian structure and complete integrability with a well formulated linear spectral 
problem. Many classes of solutions of these equations are known, see eg.|47( l2(1]: they can 
be expressed in terms of holomorphic functions and functions obtained from them by a 
procedure which is a generalization of the transformation which generates all solutions of 
the CP N models. 

The complex Grassmannian sigma model in two Euclidean dimensions are defined in 
terms of fields 

g = g(£,g)e8V(N+l) (8.1) 

where £ = C 1 +^ 2 i taking values in the complex Grassmann manifold SU(iV + 1) /S(U(m) x U(n)), 
where N + 1 = m + n. By decomposing g into two blocks 

g = (X,Y), X = (zi, . . .,z m ), Y = (z m+ i, . . -,z N+1 ), 

where Z{ are (N + 1)— component orthonormal column vectors, 

4 ■ z k = 5 ik (8.2) 

we define the projector matrix P (P* = P, P 2 = P) as 

m 

p = x x f = J2 z i z l- ( 8 - 3 ) 

1=1 

In general, it has higher rank than the corresponding matrix for the CP N model. However, 
the equation of motion in terms of P in this case has the same form as (|2.4|) and is obtained 
by minimizing the action of the Lagrangian 

L = tr [(D^ ■ (D^X)] , (8.4) 

where D^X is the covariant derivative for X, 

D^X = d^X - X(X^ ■ d^X). (8.5) 
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The above fact implies that our method can be successfully used for constructing surfaces 
associated with the complex Grassmannian sigma models. The question of the diversity 
and complexity of these surfaces, however, remains open and has to be answered in further 
work. 

In this paper we have shown how to generalize the old idea of Enneper JH] and Weier- 
strass |44| in connection with the CP N sigma models and their group properties. We 
have found the structural equations of surfaces immersed in su(N + 1) Lie algebras and 
expressed them in terms of any solution of the CP N model. The most important ad- 
vantage of the presented method is that it is quite general. In constructing surfaces we 
proceeded directly from the given CP N model, without refering to any additional consid- 
erations. Another important advantage of our method is that, due to the conservation 
laws of the CP N model, the obtained expressions for surfaces are given at least in the 
form of quadratures. 

We have discussed in detail the geometrical aspects of the constructed surfaces. Namely, 
we have demonstrated through the use of moving frame that one can derive, via the 
CP N models, the first and the second fundamental forms of a given surface as well as 
relations between them as expressed in the Gauss-Weingarten and the Gauss-Codazzi- 
Ricci equations. We have illustrated the proposed method of constructing surfaces in the 
case of low dimensional su(N + 1) Lie algebras. 

A systematic application of the group theory makes its possible to obtain large num- 
ber of particular solutions of the CP N equations and associated surfaces in M. N ( N+2 ^ . A 
question arises whether these solutions, corresponding to specific boundary conditions, 
are actually observable in nature. The answer depends to a large degree on their sta- 
bility. Stable solutions should be observable and should also provide the starting point 
for perturbative calculations. These should in turn provide good approximative solutions 
relevant for situations in which the group-theoretical solutions no longer apply. In this 
context another question arises, namely what physical insight one gains from exact ana- 
lytic expressions for surfaces. A particular answer is that they show up qualitative features 
that might be difficult to detect numerically. We hope that our approach and our results 
may be useful in applications to the study of surfaces which arise in physics, chemistry 
and biology, by providing explicit models in situations which have been well investigated 
experimentally but for which the theory is not yet well developed. Further exploration 
of relations between various properties of harmonic maps S 2 — > CP N and properties of 
surfaces in planed for future work. 
Acknowledgments 

Partial support for A.M.G. work was provided by a research grant from NSERC of Canada 
and Fonds FQRNT du Gouvernement du Quebec. A.S. wishes to acknowledge and thank 
the Centre de Recherches Mathematiques (Universite de Montreal) and NSERC of Canada 
for the financial support provided for his visit to Montreal. 

References 

[1] A. Bobenko, Surfaces in Terms of 2 by 2 Matrices in: Harmonic Maps and Integrable Systems, 
Ed. A. Fordy and J.C. Wood; Vieweg, Braunschweig, 1994. 

[2] A. Bobenko and U. Eitner, Painleve Equations in the Differential Geometry of Surfaces, 

Lect. Notes Math. 1753, Springer, Berlin, 2000. 



30 



A M Grundland, A Strasburger and W J Zakrzewski 



[3] M. P. Do Carmo, Riemannian Geometry, Mathematics: Theory and Applications, Birkhauser, 
Boston, 1992 

[4] R. Carroll and B. Konopelchenko, Generalised Weierstrass-Enneper inducing conformal immersions 
and gravity, Int. J. Mod. Phys. A 11, (7), 1183-1216 (1996). 

[5] F. Chen, Introduction to plasma physics and controlled fusion, Vol. 1, Plasma Physics, Plenum 
Press, New York, 1983. 

[6] A. Davidov, Solitons in Molecular Systems, Kluwer, New- York, 1991. 

[7] F. David, P. Ginsparg and Y. Zinn- Justin, eds., Fluctuating Geometries in Statistical Mechan- 
ics and Field Theory, Elsevier, Amsterdam, 1996. 

[8] A. M. Din and W.J. Zakrzewski, General classical solutions of the CP N ~ X model, Nucl. Phys. B 174, 
397-403 (1980). 

[9] L. Eisenhardt, A Treatise on the Differential Geometry of Curves and Surfaces, Ginn and 
Company, 1909. 

[10] A. Enneper, Nachr. Konigl. Gesell. Wissensch. Georg-Augustus Univ. Gottingen 12 (1868), 258-277. 

[11] E.V. Ferapontov and A.M. Grundland, Links between different analytic descriptions of constant mean 
curvature surfaces, J. Nonlin. Math. Phys. 7, 14-21, (2000) 

[12] A. S. Fokas and I. M. Gelfand, Surfaces on Lie groups, on Lie algebras and their integrability, Comm. 
Math. Phys. 177, 203-220 (1996). 

[13] A. S. Fokas, I. M. Gelfand, F. Finkel and Q. M. Liu, A formula for constructing infinitely many 
surfaces on Lie algebras and integrable equations, Selecta Math. New Series 6, 347-375 (2000). 

[14] D. J. Gross, T. Piran and S. Weinberg, Two-dimensional quantum gravity and random sur- 
faces, World Scientific, Singapore, 1992. 

[15] A. M. Grundland and W. J. Zakrzewski, On certain geometric aspects of CP N ~ X harmonic maps, J. 
Math. Phys. 44, 1, 328-337 (2003). 

[16] A. M. Grundland, A. Strasburger and W. J. Zakrzewski, Surfaces immersed in su(N + 1) Lie algebras 
obtained from the CP N sigma models, preprint CRM-3180, Febr. 2005, and DG/0502482 (2005). 

[17] M. A. Guest, Harmonic two-spheres in complex projective space and some open problems, Expo. Math. 
10 (1992), 61-87. 

[18] M. A. Guest, Harmonic Maps, Loop Groups and Integrable Systems, Cambridge University 
Press, Cambridge, 1997. 

[19] A. M. Grundland and L. Snobl, Description of surfaces associated with CP^ -1 sigma models on 
Minkowski space, J. Geom. Phys. (accepted for publication, 2005). 

[20] A. M. Grundland and L. Snobl, Description of surfaces associated with Grassmannian sigma models 
on Minkowski space, J. Math. Phys. 46, 8, 3508-3520 (2005). 

[21] A. M. Grundland and W. J. Zakrzewski, CP N_1 harmonic maps and the Weierstrass problem, J. 
Math. Phys. 44, 8, 3370-3382 (2003). 

[22] A. M. Grundland, W. J. Zakrzewski, The Weierstrass represention for surfaces immersed in R 8 and 
the CP 2 maps, J. Math. Phys. 43,6, 3352-3362 (2002). 

[23] F. Helein, Harmonic Maps, Conservation Laws and Moving Frames, Cambridge Univ. Press, 
Cambridge, 2002. 

[24] F. Helein, Constant Mean Curvature Surfaces, Harmonic Maps and Integrable Systems, 

Lect. Math., Birkhauser, Boston, 2001. 

[25] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, Academic Press, New 
York 1978. 

[26] K. Kenmotsu, Weierstrass Formula for Surfaces of Prescribed Mean Curvature, Math. Ann. 245, 
89-99 (1979) 

[27] K. Kenmotsu, Surfaces with constant mean curvatures, AMS, Providence, RI, 2003. 



Surfaces immersed in 5u(N + 1) Lie algebras 



31 



[28] B. Konopelchenko and G. Landolfi, Induced surfaces and their integrable dynamics II. Generalized 
Weierstrass representations in 4-D spaces and deformations via DS hierarchy, Stud, in Appl. Math. 
104, 129-169 (1999) 

[29] S. Kobayashi and K. Nomizu, Foundation of Differential Geometry, John Wiley, New- York, 
vol.1 and 2, 1963. 

[30] B. Konopelchenko, Induced surfaces and their integrable dynamics, Stud. Appl. Math. 96, 9-51 (1996) 

[31] B. Konopelchenko and I. Taimanov, Constant mean curvature surfaces via an integrable dynamical 
system, J. Phys. A : Math. Gen. 29, 1261-1265 (1996) 

[32] G. Landolfi, On the Canham-Helfrich membrane model, J. Phys. A : Math. Gen., 36, 4699-4715 
(2003). 

[33] D. Nelson, T. Piran and S. Weinberg, Statistical Mechanics of Membranes and Surfaces World 
Scientific, Singapore, 1992. 

[34] R. Osserman, A Survey of Minimal Surfaces, Dover, New- York 1996. 

[35] Z. Ou-Yang, J. Lui and Y. Xie, Geometric Methods in Elastic Theory of Membranes in 
Liquid Crystal Phases, World Scientific, Singapore, 1999. 

[36] F. Pedit and U. Pinkall, Quaternionic analysis on Riemann surfaces and differential geometry, Doc. 
Math. Extra Volume ICM, 389-400 (1998). 

[37] U. Pinkall and I. Sterling, On the classification of constant mean curvature tori, Ann. Math. 130, 
407-451 (1989). 

[38] U. Pinkall, Regular homotopy classes of immersed surfaces, Topology 24, 421-434 (1985). 

[39] J. Polchinski and A. Strominger, Effective string theory, Phys. Rev. Lett. 67, 1681-1684 (1991). 

[40] D.J. Rowe, B.C. Sanders and H. de Guise, Representations of the Weyl group and Wigner functions 
for SU(3), J. Math. Phys. 40, 3604-3615 (1999). 

[41] S. A. Safram, Statistical Thermodynamics of Surfaces, Interfaces and Membranes, Addison- 
Wesley, New- York, 1994. 

[42] A. Sommerfeld, Lectures on Theoretical Physics, Vol. 1-3, Acad. Press, New York, 1952. 

[43] R. S. Ward, Sigma models in 2 + 1 dimensions, in: Harmonic Maps and Integrable Systems, 

Ed. A. Fordy and J.C. Wood; Vieweg, Braunschweig, 1994. 

[44] K. Weierstrass, Fortsetzung der Untersuchung uber die Minimalflachen, Mathematische Werke, Vol 3, 
Verlagsbuchhandlung, Hillesheim, (1866), 219-248. 

[45] T. J. Willmore, Riemannian Geometry, Clarendon Press, Oxford, 1993. 

[46] V. E. Zakharov and A. V. Mikhailov, Relativistically invariant two-dimensional models of field theory 
which are integrable by means of the inverse scattering problem method, Zh. Eksp. Theor. Fiz. 74, 
1953 (1978) ; (Sov. Phys. JETP 47,1017 (1979)). 

[47] W. J. Zakrzewski, Low Dimensional Sigma Models, Adam Hilger, Bristol, 1989. 



32 



A M Grundland, A Strasburger and W J Zakrzewski 




Figure 1. The surface associated with the solution (|7.25() . 



